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The problem of freely-suspended liquid droplets deforming due to an applied
electrostatic field is examined. Developed is a numerical model capable of predicting
the complete transient histories of droplets in systems with a wide range of dispersed-
and continuous-phase densities, viscosities, relative permittivities, and electric field
strengths. For liquid/gas systems, the predictions of the numerical model demon-
strated that the critical field strength and critical permittivity ratio during actual
transient breakup are not necessarily the same as those predicted by steady-state
theories. An approximate analytical model of transient droplet deformation is also
developed, which is able to predict the deformation time histories for large Ohnesorge
number, small-deformation liquid/liquid systems. The approximate analytical model
agreed well with the results of the complete numerical model.

Introduction

A fundamental understanding of the behavior of liquid
droplets subjected to electrostatic fields is required to resolve
problems that arise in many applications. Examples include
paint and agricultural sprays, atmospheric phenomena, and
ink jet printers. Chemical engineers are particularly interested
in the use of electrostatically-induced oscillations of liquid
droplets to enhance mass transfer rates in solvent extraction
processes.

Up to the present time, most research efforts have been
concerned with prediction of the critical field strength leading
to droplet rupture, and the prediction of steady or quasisteady
droplet shapes in subcritical electric fields. The early work of
Wilson and Taylor (1925) and Macky (1931) established that
for conducting soap bubbles and water droplets, the critical
field strength is given by:

E!=Cn*/R} (1)

This expression has been substantiated by a number of re-
searchers including: Taylor (1964) (analytical); Garton and
Krasucki (1964) (experimental); Brazier-Smith (1971b) (nu-
merical); Miksis (1981) (analytical); Dodgson and Souzou
(1987) (analytical); and Inculet and Kromann (1989) (experi-
mental). The value of C, is usually taken to be 1.52X% 10°
V/NY2, For perfectly-conducting droplets, the limiting aspect
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ratio was found to be 1.83. Consideration of dielectric droplets
has shown two distinct behaviors dependent on the ratio of
dispersed- to continuous-phase permittivities. Systems with
large permittivity ratios (K,/K,>20.8) exhibit behavior similar
to conducting droplets; a critical field strength exists, and
exceeding this value leads to the ejection of mass from sharp
conical tips at the poles of the droplet (referred to as tip stream-
ing or jetting). Systems with permittivity ratios below the crit-
ical value K,/K,<20.8 will not form conical tips, and
consequently, there is no corresponding critical field strength;
the droplet will theoretically accommodate any strength of
electric field by sufficient elongation.

Although restricted to small departures from the spherical
shape, the work of O’Konski and Thacher (1953) led to a simple
closed-form solution expressing the steady eccentricity of drop-
lets in terms of the electrostatic field strength and relevant
thermophysical properties. Their approach was to find the
eccentricity at which the function expressing the total energy
of the system, the sum of electric field, and free surface energy,
was a minimum. An energy minimization approach has been
the basis for many other analytic and semi-analytic models
such as those of Garton and Krasucki (1964) and Dodgson and
Souzou (1987).

Because of the potential practical applications, investigation
has been made of the steady shapes of charged droplets levi-
tated in electrostatic fields. Basaran and Scriven (1989) used
a finite element approach to predict axisymmetric shapes and
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stability for such droplets. Adornato and Brown (1983) pre-
dicted a locus of field strengths and droplet charge levels for
the existence of static droplets using both numerical finite
element and analytical perturbation analyses.

The study of transient deformation and breakup of liquid
droplets in electrostatic fields is inherently more difficult than
its steady counterpart. Analytical studies have examined only
limiting cases of inviscid or highly viscous droplets. Brazier-
Smith et al. (1971) numerically modeled the transient defor-
mation and breakup of isolated water droplets charged to the
Rayleigh (1882) limit and found the droplet to proceed through
a series of approximately prolate spheroidal shapes until an
aspect ratio 2.5 is reached, when coning occurs at the droplet
poles and liquid is assumed to issue. Their model assumes the
droplet liquid to be inviscid and ignores interaction with the
continuous phase.

Brazier-Smith (1971a) examined the stability of water drops
subjected to a step function electric field. Assuming that the
droplets maintain a spheroidal shape and ignoring viscous ef-
fects, it was shown that the critical field strength under an
impulsively applied electric field is less than the critical value
from quasisteady analyses.

Using a boundary integral numerical technique, Sherwood
(1988) examined viscous droplet deformation over a wide range
of permittivity and conductivity ratios. The results typically
show the equilibrium shapes of a deforming droplet as the
electric field strength is increased in discrete steps toward the
critical level. It is suggested that there are two modes of break-
up:

1. Tipstreaming when the permittivity of the droplet is much
greater than that of the surrounding fluid

2. Division into two blobs connected by a thin thread when

the conductivity of the droplet is greater than that of the
surrounding fluid.
As the supporting evidence of the second type of breakup, the
experimental results of Torza et al. (1971, Figure 9, p. 314)
are cited for a case where the permittivity and conductivity
ratios are 12.7 and 10, respectively. Unfortunately, these ex-
perimental data do not clarify whether the large conductivity
ratio is entirely responsible for this type of breakup as suggested
by Sherwood (1988). It is possible that the breakup behavior
was equally influenced by the reduced permittivity ratio. No
attempt was made to investigate the effect of disparate vis-
cosities in the dispersed and continuous phases. Furthermore,
because the model neglects transient terms in the solution of
the momentum equations governing the fluid motion in the
dispersed and continuous phases, the results are applicable only
to problems wherein the viscous diffusion time is very small
compared to the relaxation time to equilibrium: p*Rgvy*/
p*¥l<< 1.

Assuming inviscid flow, Tsamopoulos et al. (1985) analyzed
the transient behavior of charged droplet breakup using a
powerful analytical technique combining domain perturbation
and multiple time-scale methods. The analytical method was
validated by comparing the predicted critical charge with re-
sults from a finite element calculation for two-, three-, four-
and five-lobed static droplet shapes. A similar analytical tech-
nique was used by Feng and Beard (1991) to predict resonance
phenomena for droplets exposed to alternating electric fields.

Experimental investigations of transient deformation and
breakup have covered a wider range of dispersed- and contin-
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uous-phase viscosities and permittivities. In many instances,
however, the results of these studies seem conflicting and/or
inconclusive. Consider, for example, the effect of the dis-
persed- to continuous-phase permittivity ratio. Allan and Ma-
son (1962) found water droplets suspended in LB-1715 (K,/
K, =) to show a ‘‘tendency toward pointed ends as observed
by Wilson and Taylor (1925).”” The transient breakup of a
water droplet in castor oil (K,/K,=12.7), as recorded by Torza
et al. (1971), showed a simple elongation of the droplet into
two lobes connected by a thin thread. When classifying tran-
sient breakup behavior, however, Allan and Masorn (1962) used
a system based on the permittivity ratio such that: 1) for K,/
K, = o, the droplet remains spheroidal as the field strength is
increased until at E, it suddenly separates into two approxi-
mately equal parts; 2) for 1<K,/K,< o, the droplet remains
spheroidal with increasing F until suddenly one end of the
droplet is pulled out into a thin thread that moves directly
toward the electrode; and 3) for K,/K, < 1, the droplet flattens
into a sheet, folds and twists, and eventually breaks up un-
evenly. Experimental evidence aside, this classification system
counters the intuitive expectation that the transient defor-
mation behavior will exhibit qualitative similarity with the
steady results: some change in behavior at X,/K,=20.8.

More recently, Moriya et al. (1986a) developed an analytical
model of transient droplet deformation limited to nearly spher-
ical highly-viscous liquid/liquid systems. Their ¢xperimental
evidence supported the model that predicted the degree of
deformation to be exponential in time:

D/Dy=1—exp(—t*/1%) )

where D is the degree of deformation, and 7* is the system
time constant, (uf + p3)R$/y*. In a companion article, Mo-
riya et al. (1986b) further investigated burst behavior and found
two classes of behavior dependent on the dispersed-phase vis-
cosity. Low-viscosity water droplets burst by ejecting small
droplets from conical endpoints, while viscous polymer drop-
lets produced long thin threads from their ends. Most recently,
Nishiwaki et al. (1988) examined more closely the system time
constant and suggest better agreement with experimental data
if it is expressed as 7* = (u{ + uF) R /v*. This heuristic mod-
ification of the theoretically-determined time constant suggests
that the actual fluid motion during deformation does not fol-
low the assumed flow on which the theoretical model is based.
Because it is difficult to gain a detailed knowledge of the fluid
motion from experimental studies, the precise nature of the
dispersed- and continuous-phase flow fields is unknown pres-
ently. A more complete theoretical analysis of the problem
would enhance understanding of the fluid mechanics and per-
haps lead to an improved expression of the time constant 7*.

The steady behavior of deforming liquid droplets subjected
to electrostatic fields has been thoroughly studied both theo-
retically and experimentally. A fundamental aspect of these
studies has been to define values of critical field strength and
critical permittivity ratio under steady conditions. Transient
deformation and breakup have been studied only theoretically
in the limit of an inviscid dispersed phase without interaction
with the continuous phase, in the limit of highly-viscous dis-
persed and/or continuous phases, and for highly-viscous sys-
tems with very small deformations.

In this article, a numerical method is developed and applied
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Figure 1. Problem schematic.

to study transient droplet deformation over a wide range of
controlling parameters. We attempt to better understand the
effects of dispersed to continuous phase ratios of permittivities
and viscosities without restriction to small deformations. At
present, the values of critical field strength and critical per-
mittivity ratio have been defined for the most part only in
steady-state analyses. Since droplet breakup is inherently a
transient process, an important objective of the current study
is to establish if these values remain unchanged when transient
effects are considered. Also presented are the mathematical
underpinnings and development of the numerical model re-
quire to answer these questions.

The Mathematical Model

Figure 1 shows the problem to be studied. An initially spher-
ical droplet of fluid with density pf, viscosity u{, and relative
permittivity K, is surrounded by a second fluid (o5, n3, Kj),
and is subjected to an electrostatic field arising from the ap-
plication of DC potentials at electrodes separated a distance
of 80 radii. Due to the assumed symmetry, the solution is
required over only one quadrant of the problem as indicated
in the figure. The following additional assumptions are made:
(1) fluid flow is laminar in both phases; (2) there is no effect
due to gravity or other external body forces; (3) fluids in both
phases are Newtonian with constant physical and electrical
properties; (4) ideal electrical properties exist (that is, nonleaky
dielectrics, perfect conductors); and (5) the charge relaxation
time is much smaller than all other pertinent time scales. In-
itially, the droplet and its surroundings are assumed to be
motionless.

The governing equations nondimensionalized are:

Conservation of mass:

dp = -
ndad . = 3
Frad (pv)=0 (3)
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Conservation of momentum:

a - -~ —— e —
(—9—t(pv)+v-(pvv)=—‘7p+0hlv-6 C))
where
G=p[VU+(V )] )
Gauss’ law:
V-9V=0 )

At the droplet surface, the appropriate boundary conditions
are:

Continuity of velocity:
(V) =(v) Q)
Continuity of normal stress:

[(pI-Oh&)-Al-A=((pI—On5)-Al,-Ai—(CH+2)
—EN(VV-APQ-K/K)+(FV-DHK /K- D] (8)

Continuity of tangential stress:
(6:A)-1),=(5-A)-7l, ©)
Continuity of normal electric potential gradient:
K9V-il,=KVV-Al, (10)
The potential is single valued at the interface:
Vvi,=vl, amn

The governing equations and boundary conditions are rea-
sonably self-explanatory with the exception of the normal stress
condition given by Eq. 8. This equation expresses the pressure
discontinuity across the interface as a function of the surface
tension force caused by the curved interface and characterized
by the mean curvature H, electrostatic forces arising due to
unequal permittivities in the two phases and viscous normal
stresses arising due to the interface motion. For a more detailed
discussion of electrohydrodynamics, see the excellent review
by Melcher and Taylor (1969).

The remaining boundary conditions apply at the outer
boundary of the solution domain and along the axis and plane
of symmetry.

Outer boundary:

u=0 (12)
v=0 (13)
V=x (14)
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Along the axis of symmetry:

du
—=0 15
5 (15)
v=0 (16)
14
—=0 17
> 7)
Along the plane of symmetry:
u=0 (18)
v
—=0 19
F (19)
V=0 (20)

The Numerical Model

A finite volume method using an adaptive grid formed the
basis of the numerical technique used to solve the governing
equations. This methodology has gained widespread accept-
ance, and the details of its implementation are well documented
in such publications as Patankar (1980) and Minkowycz et al.
(1988). Conceptually, the method relies on the formation of
linearized algebraic equations through the integration of gov-
erning differential equations that express the conservation of
some quantity (typically mass, momentum, or energy) over
finite control volumes covering the problem domain. For ex-
ample, consider the convection diffusion equation for the gen-
eral quantity ¢. Commencing with the governing equation:

a - - - -
3 PO+ V- (pvd)=V (T V) + S, @

Integration is performed over an arbitrary control volume (see
Figure 1):

a - .
L % (pp)a¥+ L vV -(pvo)d¥-

=S 6-(r¢€¢)dV+S S.d¥  (22)
L +

For a nonadaptive (i.e., fixed) grid, the transformation of this
integral equation into an algebraic equation would be per-
formed at this stage by expressing flux, source and transient
terms as approximations written in terms of nodal values.
Because the present problem required the control volumes to
change size and shape with time, further manipulation of Eq.
22 was necessary. Using Leibnitz’s rule, the first integral was
expressed over a control volume that needed not be stationary.
Using the divergence theorem, the second and third integrals
were expressed as surface integrals. The following integral
equation is thereby obtained:
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d - -
——S p¢d¥+§) pd(v — vg)-AdA
at J. s

=c§> r¢\'7’¢-n‘dA+S S,d¥  (23)
s +

where z_fs is the velocity of the control volume surtace. Adopt-
ing an implicit formulation, the convective and diftusive fluxes,
and the source term were approximated over a time step At
by their values at the new time ¢+ Af. Integration and ap-
proximation, in terms of nodal values, then resulted in line-
arized algebraic finite volume equations relating the value of
¢ at P to its eight neighbors as follows (see Figure 1):

apdp=arpp+ aydy+ apdy + asds

+ AnpbNE + AvwDaw + Aswbsw + spds: +bp (24)

Temporal derivatives and convective fluxes due to the grid
motion, were discretized following the method of Demirdzic
and Peric (1988). For a more detailed description of the use
of finite volume methods with adaptive grids, see the work by
Demirdzic and Peric (1988) and by Demirdzic and Peric (1990).

For easy physical interpretation, primitive variables (Carte-
sian velocity components u, v, and pressure p) were used in
the discrete momentum equations. Rather than using the pop-
ular staggered grid approach, the collocated velocity pressure
scheme of Peric et al. (1988) was adopted to minimize the cost
of grid generation. The SIMPLEC algorithm of Van Doormal
and Raithby (1984), in which a truncated form of the mo-
mentum equations is substituted into the mass conservation
equation, was used in forming an equation for pressure. For
those control volumes situated at the droplet surface, the nor-
mal stress boundary condition yielded the appropriate pressure
equation. Because the SIMPLEC algorithm ensures mass-con-
serving velocity fields at each iteration, overall conservation
of mass was guaranteed for the droplet.

The adaptive curvilinear grid was generated following the
method of Thompson et al. (1974). For the current investi-
gation, the numerical grid, although nonorthogonal, was con-
ceptually equivalent to a cylindrical polar system with 30
“‘tangential’’ control volumes by 60 ‘‘radial’’ control volumes.
Of the 60 radial control volumes, 20 were internal to the drop-
let. The grid was nonuniform in both phases with the greatest
concentration of radial control volumes at the droplet surface.
The inner grid and a portion of the outer grid for a moderately
deformed droplet are shown in Figure 2. Control volumes of
zero thickness were used in the application of boundary con-
ditions at the droplet surface and along the axis and plane of
symmetry. The mean curvature H was calculated from the
defining relationship H= —(¥,-A)/2 based on the discrete
local grid geometry.

The numerical solution procedure

The following algorithm was implemented to solve the dis-
crete equations.

Step 1. Values of grid geometry (including droplet shape),
velocities, pressures, and electrical potential were available at
the beginning of the time step (either from initial conditions
or from the previous time step). These values were used as a
first estimate of the field variables at the new time ¢+ Af.
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Step 2. From the current estimate of the velocity fields, the
local interface velocities v, prevailing over the time step Af
were calculated.

Step 3. A new numerical grid conforming to the estimated
new interface shape at 7+ Az was calculated.

Step 4. Complete internal and external electrical potential
fields were calculated based on the interface shape estimate.

Step 5. The dispersed- and continuous-phase velocity fields
were calculated based on the current estimates of the interface
velocities v, and dispersed-phase interface pressure of Eq. 8.

Step 6. Dispersed- and continuous-phase pressure correc-
tions were calculated. Dispersed- and continuous-phase veloc-
ities (including the interface velocities 55) and pressures were
corrected via the SIMPLEC algorithm.

Step 7. The relative changes in the just computed and pre-
viously iterated values of the velocity, pressure and potential
fields were computed. If these changes were less than 10™* and
the normal stress and maximum mass residuals were less than
0.1%, convergence was assumed at the new time 7+ Af.

Step 8. Further iteration was performed (i.e., a return to

step 2), if convergence criteria were not satisfied. Otherwise,
another time step was attempted.
Iterative solvers were used to solve the algebraic equation sets
for all the field variables except for the internal droplet pressure
field. The internal pressure required a direct solver to maintain
stability and to enforce the conservation of mass to the strictest
possible tolerances (ensuring that the droplet did not gain or
lose mass).

Validation of the numerical model

Because the Fortran code developed for the current numer-
ical model was only a subset of a larger code to be used in
predicting convective deformable droplet dynamics, some of
the capabilities of the present model were established by com-
paring them with benchmark solutions for intermediate Reyn-
olds number flows. For laminar flow over solid and liquid
spheres (1 < Re < 200), predictions of pressure and friction drag
components, wake length, and stagnation pressure were within
1%, and the prediction of the separation point was within 1
degree of the existing experimental and numerical results given
in Clift et al. (1978). For laminar flow over oblate and prolate
spheroids with aspect ratios up to 0.2, predictions of drag
components were within 2%, and the prediction of wake lengths
was within 5% of the results given in Clift et al. (1978). These
tests fully validated the code for cases in which the surface
geometry was fixed.

To validate the numerical model for fluid dynamic problems
with interfacial motion, solutions were computed for deform-
ing droplet problems for which analytical solutions and ex-
perimental data exist. Data for the limiting case of an inviscid
droplet were compared with the results of Brazier-Smith et al.
(1971). The numerically-computed aspect ratio history for an
initially motionless prolate spheroid of aspect ratio 1.2 was
within 2% of the given analytical solution. Numerical predic-
tions of the natural frequency and decay factors of moderately
viscous oscillating liquid droplets were compared with exper-
imental (Scott et al., 1990) and numerical (Basaran et al., 1989)
results. The numerically-predicted natural frequencies of 0.03-
and 0.05-cm water droplets in 2-ethyl-1-hexanol were within
1 and 5% of the experimental values, respectively. Prediction
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Figure 2. Typical numerical grid.

For clarity, only the first 10 radial control volumes in the con-
tinuous phase are shown.

of the decay factor was within 3% of the numerical results of
Basaran et al. (1989); but, similar to their result, it was only
within 30% of the experimental value. Both the numerical
model of Basaran et al. (1989) and the current numerical model
ignored the effects of bulk relative motion between the two
phases.

When bulk relative motion is present, the increasing ob-
lateness of the droplet must be accompanied by a reduction
in the outer-phase dynamic pressure at the equator of the
droplet. This reduction in pressure leads to further excitation
of the droplet oscillation and results in reduced damping.
Hence, the omission of the relative motion appears to be re-
sponsible for the poor predictions of the decay factor. It re-
quires a more detailed account to validate the numerical model
for viscous dominated systems and to compare to the exper-
imental and theoretical results of Moriya et al. (1986a). This
is discussed in the next section.

Grid independence of the numerical results can be assured
only for the present problem when the solution has been shown
to be insensitive to the following three factors: the level of
refinement of the grid in the droplet interior; the level of
refinement of the grid in the droplet exterior; and the posi-
tioning of the outer boundary where the far field potential and
velocity boundary conditions are applied. The solution sen-
sitivity to the proximity of the outer boundary was examined
for the problems studied with the largest continuous-phase
viscosities. It was found that reducing the outer boundary to
within 20 radii from 40 radii typically affected the prediction
of aspect ratio by a maximum of 0.1%, the prediction of
interface velocities by 0.04%, and the prediction of the inter-
face pressure and surface normal potential gradient by less
than 0.01%.
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Refinement of the droplet inner grid from 20 x 20 to 30 x 30
control volumes resulted in changes in predicted aspect ratio
of less than 0.6%, in interface velocities of less than 0.7%,
and in the normal potential gradient of less than 0.4%. The
solution was the most sensitive to the choice of outer grid
refinement and going from 20 x 20 to 40 X 30 control volumes
resulted in changes in predicted aspect ratio of less than 1.8%,
in interface velocities of less than 3.0%, and in the normal
potential gradient of less than 2.0%. Further refinement to a
80 x40 grid resulted in changes in predicted aspect ratio of
less than 0.7%, in interface velocities of less than 0.8%, and
in the normal potential gradient of less than 1.0%. The nu-
merical results presented herein (based on a grid of 20x 30
interior and 40 % 30 exterior control volumes with the outer
boundary at 40R,), are judged to be within 2.0% of the grid-
independent solution, reflecting a reasonable compromise be-
tween economy and accuracy. Time step independence of the
numerical results was verified by the repetition of significant
portions of transient solutions with progressively halved time
steps (in some cases, transient solutions were repeated in their
entirety). Very conservative time steps were utilized throughout
the analyses, and in no case did variations amount to greater
than 1% in predicting the aspect ratio, velocities, or surface
normal potential gradients.

Results and Discussion

In the following study the continuous and dispersed phase
densities were restricted to ratios representative of liquid/liquid
and liquid/gas systems; p,/p,=1.0 and p,/p, =0.001, respec-
tively. The results have been presented along these lines. To
provide a quick overview of the parametric ranges which were
studied, a listing of the pertinent parameters for the numerical
simulations is presented in Table 1.

Liquid/liquid systems

By performing a local balance at the droplet surface between
viscous, electrostatic, and surface tension normal stresses, Mo-
riya et al. (1986a) developed an analytical model of transient
droplet deformation for highly viscous liquid/liquid systems.
Assuming small departures from a spherical shape allowed for

Table 1. Summary of Systems Investigated

Liquid/Liquid Systems

simple expressions of the electrostatic and surface tension gen-
erated stresses to be used in the analysis. Further assuming the
rate of viscous diffusion is much faster than the rate of de-
formation, the velocity fields correspond to steady solutions
for simple axisymmetric stagnation flow and analytical expres-
sions are possible for the viscous normal stresses. The resulting
model expressing the variation of the deformation parameter
D with time is as follows:

D=D[l1—exp(—t*/7%)] 25)

where
Do =9Kyet REES/167* (26)
T =(u{+ R /v* 27

For small deformations (D, <0.025), the present numerical
results showed excellent agreement with the experimental re-
sults of Moriya et al. (1986a). However, their analytical model
predicted velocities and pressures that were not generally in
good agreement with the results of the complete numerical
solution. Close examination showed that Moriya et al. (1986a)
failed to enforce the continuity of tangential stress requirement
in the solution of the dispersed- and continuous-phase velocity
fields. Correcting this deficiency led to the theoretically pre-
dicted flow field as shown in Figure 3a which is in excellent
agreement with the full numerical solution shown in Figure
3b. The corrected derivation of the velocity fields (detailed in
the Appendix) leads to the following analytical result:

D=D,[1—exp(—t*/1%)] (28)
where
Do =9Kyet R E}*/16y* (29)
7r=(ap! +Bus)RE/v* (30)
38+47us/uf
28Ty @3n

T 20540 ur

42+48u3/ut
p3/pt =1.0, K,/K>=1,000.0 St .Y 32
40+40us/uy
ui/pt Oh, =2.00 Oh,=20.0  Oh,=200.0
0.001 E,=0.141 E,=0.141 E,=0.141 Itis interesting to note that the time constant 7* of the corrected
0.100 Ey=0.387 Ey=0.141 analytical model in the limiting cases of uf/uf--0 and p3/
1,000 E.—0.387 gozgﬂ? w1 —oo exhibits behavior in qualitative agreement with the
10.00 E,=0.387 Ez=0:316 EZ=0:141 e>.(perimental data of Moriya et.al. (1986a, Table 11, p. 157),
— viz., «<1.0 and 8> 1.0, respectively. The corrected analytical
,, Liquid/Gas Systems model and the results of the full numerical model are shown
p3/pt=0.001, p3/uf=0.018 . . .
in Figure 4. It can be seen that the agreement is excellent over
K\/K,  Oh=137x10"  Oh=137 the range of 0.001 <p}/u} <10.0.
5.0 E,=0.900 Because the analytical model is formulated assuming a qua-
18.0 E,=0.604 sisteady flow field, there was interest in exploring the transient
1,000.0 goiggg; E;=0.514 behavior, as the viscous diffusion time was increased. Figure
o 5 shows the departure of the analytical model from the full
Ey=0.514 . . .
numerical model for decreasing dispersed-phase Ohnesorge
1310 September 1991 Vol. 37, No. 9 AIChE Journal
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Figure 3. Theoretically-predicted flow fields.

a) Corrected simple model
b) Complete numerical model
The same streamline values have been used in both figures.

number {Oh=p*/(Riv*p*)'?]. At Ok, =2, the error of the
analytical model in prediction of the deformation factor at #*/
7*=0.10 and at t*/7*=0.70 was 53% and 15%, respectively.
Clearly, the transient initiation of the fluid motion resulted in
the greatest departure from quasisteady behavior at early times.
Nevertheless, the approximate analytical model produced rea-
sonable results even at this small Ohnesorge number.

For systems with larger deformations (D, >0.025), the nu-
merical model consistently approached a larger value of D,
than predicted by Eq. 29, although the complete numerical
solution and approximate analytical model were in agreement
at early times. It was felt that an extension of the analytical
model to include systems with larger deformations would be
both feasible and desirable. By making a detailed examination
of the numerical results, the dominant error in the analytical
model was found to arise from poor approximations of the
variation in the electrical and surface tension stresses with the
deformation factor D. For larger deformations, the numerical
results showed the electrical stress to be an exponential function
of the deformation factor (approximated as constant in the
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Figure 4. Elongation factor history for viscous liquid/

liquid systems.
E,=0.141, D, =0.024.

original model) and the normal stress due to surface tension
to be quadratic (approximated as linear). Curve fits to the
numerically determined variations in these stresses vs. the de-
formation D yielded the following improved expressions:

8 *
F, = —=X_ (D+4D%@3cos* - 1) 33)
3R¢
9 * %2 2
FE=5 Kyed Ex“exp(5 D)cosd (34)
1.00 E T T T T IIIII T T T T 1T 1T T T T
0.80 £ ]
r Analytical Model; Egn. 28 7
r Numerical Solution: 7
E o ©Ohy = 200. ]
n g Oh, = 20.0 q
0.60 | o Ohy = 2.00 ]
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) . ]
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Figure 5. Elongation factor history for liquid/liquid sys-
tems: Ohnesorge number effect.
E,=0.141, D,,=0.024, pp/p,=0.1.
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Results of the modified analytical and complete numerical models.

These expressions inserted into the stress balance equation
yielded the following modified analytical model:

dD
7* ar =D.exp(5D)—D—4D? (35)

where D, 7%, «, and @ are as defined by Eqs. 29 to 32. The
predictive ability of the modified analytical model for systems
with large deformations is demonstrated in Figure 6. The pre-
diction of the transient aspect ratio history of the modified
analytical model is seen to compare favorably with the results
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Figure 7. Computed aspect ratio history for viscous lig-
uid/liquid systems: viscosity effect.
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of the complete numerical model over a range of viscosities
0.10<u3/ut<10.0; 2<Oh,<200) and field strengths of
E,=0.316 and E,=0.387.

One final consideration of the liquid/liquid systems was to
examine the effects of disparate viscosities in the two phases.
From the results of the small deformation analysis, the coef-
ficients « and 8 indicated that the rate of deformation depends
more strongly on the continuous-phase viscosity. The numer-
ical model was used to investigate this dependency for systems
with larger deformations, and the results indicated that this
trend continues. Figure 7 shows the effect of viscosity ratios
of u¥/uf=0.10and u3/uf = 10.0 on the computed aspect ratio
histories of two liquid/liquid systems subjected to moderate
electrical fields. Clearly, when the dispersed phase is the con-
trolling phase (Oh,/Oh, = 0.10), the deformation proceeds more
quickly than when the continuous phase is the controlling phase
(Oh,/Oh,=10.0).

Liquid/gas systems

For agricultural and paint sprays and for water droplets in
the atmosphere, the continuous- to dispersed-phase density
ratios are small. The results in this section are all for p,/
0,=0.001 and should therefore apply to problems in these
fields.

Because several of the systems examined in this section pro-
ceed to what has been defined as droplet break-up due to tip
streaming, it is worth describing the nature of the computations
near the point of break-up. At the outset, it should be made
clear that the present numerical model requires the control
volumes in both phases to remain simply connected so that it
is impossible to follow the process of satellite droplet for-
mation. However, it is possible to predict if and when this
process will occur with a reasonable degree of certainty. All
of the systems studied that underwent break-up exhibited the
same qualitative behavior. The elongation proceeded smoothly
until the curvature at the droplet tip region changed from
convex (Figures 8¢ and 9¢) to concave (Figures 8d and 9d).
Following this transition the electrostatically-induced normal
stress became so large that the implicit numerical scheme was
unable to achieve an interface shape that satisfied the balance
of normal stress in the tip region. This was the point at which
drop break-up due to tip streaming was assumed to occur.
With a sufficiently fine grid it should be possible to track the
droplet behavior until the point of incipient break-up and
perhaps predict approximately the sizes of satellite droplets.
Such a level of grid refinement was not feasible for the current
study where interest was in the complete drop history.

Experimental data are available for a water droplet/atmos-
pheric air system in a zero gravity environment (the details of
the experiment can be found in Inculet et al., 1990). The meas-
ured aspect ratio history for a 14-mm-diameter drop subjected
to an electric field of 8 kV/cm is presented in Figure 10. The
prediction of the numerical model (the E,=0.514 curve) is also
shown for comparison. The agreement is within the level of
uncertainty in the experimental measurements that results from
lack of sharpness in the photographic images. Comparison of
the numerically-predicted and experimentally-observed droplet
shapes are shown in Figure 8. Despite the generally good agree-
ment, the experimentally observed droplet break-up occurred
at a much later time (and at a larger aspect ratio) than the
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Figure 8. Water droplet in air shape history.

a) t=0.00; b) t=0.25; ¢) t=0.50; d) t=0.71

E,=0.514; Oh, =1.37x 107, Experimental results of Inculet et
al. (1990).

numerical model predicted. The incipient formation of satellite
droplets from the poles of the main droplet (tip streaming)
was predicted at £=0.71 with the aspect ratio = 2.7. We are
unable to explain this discrepancy other than to suggest that
the experiments may have suffered some decay in the electrical
field strength during the droplet life time.

For the previous system, the dispersed-phase Ohnesorge
number is 1.3 x 107%; viscous effects are negligible. The nu-
merical results showed that the momentum balance was es-
sentially between the pressure gradient (arising due to the large
interfacial normal electrical stress) and transient terms (the
fluid inertia). In the absence of viscous effects, no mechanism
was available to damp the fluid motion. Therefore, it seemed
possible that fluid inertial build-up could lead to droplet break-
up at a lower critical field strength than that predicted by the
steady theory. To test this hypothesis, the numerical model
was used to simulate droplet deformation subject to subcritical
electric field strengths. It was first established that the nu-
merical model predicted a critical field strength under steady
conditions of E,=0.325 (1.6% greater than the accepted value
of E.=0.320). The previous (transient) problem was then rerun
with field strengths of E;=0.297 and E;=0.308; the aspect
ratio histories for these systems are shown in Figure 10. As
seen in the figure, the numerical model predicts droplet break-
up at a field strength of E;=0.308. This is 3.8% below the
accepted critical value developed from steady-state analyses
and 5.2% below the numerically-predicted steady value. The
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Figure 9. Viscous droplet in air shape history.

a)t=0.48; b) t=1.20; ¢c) t=2.16; d) t =2.88.
Ey=0.514; Oh,=1.37.

numerical results for the E,=0.308 system show the net in-
terfacial stress to be opposing the fluid motion between t=1.2
and ¢r=2.1. Nevertheless, the fluid inertia is seen to prevail;
the droplet elongates sufficiently that the electrical stress again
dominates over the restoring surface tension stress, and the
droplet proceeds toward break-up.

Comparison with the work of Brazier-Smith (1971a) is very
encouraging. Ignoring interaction with the continuous phase,
assuming an inviscid flow, and assuming that the droplet main-
tains a spheroidal shape, Brazier-Smith (1971a) predicted the
critical field strength leading to droplet rupture to be between
4 and 6% below the steady value. As pointed out by Brazier-
Smith (1971a), this trend is substantiated by experimental evi-
dence; from observations of the break-up of water droplets
suddenly exposed to electric fields, Macky (1931) predicted a
critical field strength 5.2% below the commonly-accepted
steady critical value. In analogy, the analytical results of Tsa-
mopoulos et al. (1985) show charged inviscid droplet break-
up occurring at charges below the critical (Rayleigh) limit when
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Figure 10. Liquid/gas systems—aspect ratio history.

—, numerical results; o, experimental (Inculet et al., 1990);
Ohy=1.37x107% py/p, =0.018.

the droplets are initially subjected to prolate-shape deforma-
tions. It is expected that in general the critical field strength
for low Ohnesorge number conductive droplets under transient
conditions is less than that predicted by steady theory.

In the second liquid/gas system to be modeled numerically,
the effects of an increased dispersed-phase Ohnesorge number
were investigated. Figures 9 and 11 show the numerically-
predicted aspect ratio and shape history respectively for a drop-
let with Ok, =1.3, E,=0.514, K,/K,=1,000. This would cor-
respond, for example, to a system similar to the previous water/
air system but with a thousandfold increase in the dispersed-
phase viscosity. As expected, the increased viscosity damps the
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Figure 11. Liquid/gas systems—aspect ratio history:
dielectric effect, Ohnesorge number effect.
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[¢]
Q.

Figure 12. Dielectric droplet in air shape history.

a)t=0.50; b) t=0.71; ¢) t=1.01; d) t=1.91
E,=0.900; Oh,=1.37Tx107% K|/K, =5

motion and the droplet deforms more slowly than in the pre-
vious system. Also of interest is that the viscosity delays the
onset of tip streaming, allowing the droplet to deform to a
larger extent (aspect ratio = 3.76) before breakup. Experi-
mental evidence also attests to the ability of highly viscous
droplets to produce long ligaments from tip regions without
actual breakup. Moriya et al. (1986b) generally found the mode
of break-up for systems with large dispersed-phase permittiv-
ities (K, >> K,) to depend on the dispersed-phase viscosity. At
low viscosities, small droplets were produced from conical
endpoints (i.e., tip streaming), while highly viscous polymer
droplets produced long, thin threads (see Moriya et al., 1986b,
Figure 7, p. 164).

In the final two liquid/gas systems modeled numerically,
the behavior of dielectric droplets was examined. From the
steady-state theory it is known that for permittivity ratios
K\/K,<20.8, no critical field strength exists and the droplet
will theoretically accommodate any electric field strength by
sufficient elongation. As seen in the previous two cases, above
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this critical value (K,/K,>20.8) breakup of the droplet is
achieved via tip streaming. Of interest was the behavior of
droplets in systems with permittivity ratios near and below this
critical ratio. Figures 11 and 12 show the numerical predictions
of the transient aspect ratio and shape history for a droplet
of Ok, =1.37 x 1073 with arelative permittivity of 5.0 subjected
to an electric field of dimensionless strength E,=0.900. The
numerical results show zero net interfacial stress at an aspect
ratio of approximately 3.0 [in reasonable agreement with the
quasisteady model of Sherwood (1988)]; however, the complete
transient model predicts that the fluid inertia results in the
droplet overshooting this equilibrium position. Later, the net
stress on the interface opposes the fluid motion, and the droplet
deformation slows and eventually reverses. Computations were
not continued beyond the point of maximum deformation.
Because the low dispersed- to continuous-phase permittivity
ratio inhibits the formation of conical tips at the droplet poles,
the “overshoot”’ phenomenon does not lead to droplet break-
up for this system.

When the dispersed- to continuous-phase permittivity ratio
is nearer the steady-state critical value, the transient inertial
effects are no longer inconsequential. As seen in Figure 11,
the numerical model predicts breakup due to tip streaming for
a droplet of Oh;=1.37x107? with a relative permittivity of
18.0 subjected to an electric field of dimensionless strength
E,=0.604. Physically, the fluid inertia retards fluid motion
from equatorial regions of the droplet to the tip regions. Thus,
inertial effects inhibit the formation of smooth, rounded poles
as seen in the previous problem (Figure 12) and are ultimately
responsible for the local drawing of fluid at the polar regions
into conical tips (similar to that seen in Figure 8). In this case,
breakup due to tip streaming is found to occur at a permittivity
ratio 13.5% below the critical value predicted by steady theory.

Conclusions

The numerical model is able to predict the transient histories
of deforming liquid droplets subjected to electrostatic fields
over a wide range of controlling parameters such as dispersed-
and continuous-phase densities, viscosities, relative permittiv-
ities, and electric field strengths.

The approximate analytical model of transient droplet de-
formation is able to predict deformation time histories for
large Ohnesorge number, small deformation, liquid/liquid sys-
tems, in good agreement with the results of the complete nu-
merical model. Attempts to extend the analytical model to
include systems with larger deformations met with reasonable
success.

Predictions of the numerical model demonstrated that the
critical field strength and critical permittivity ratio during ac-
tual transient breakup are not necessarily the same as those
predicted by steady-state theories. Numerical results for a low
Ohnesorge number conductive liquid droplet in a gaseous en-
vironment showed breakup occurring in a ‘‘subcritical’’ elec-
trical field. Although high (K;/K,=1,000) and low (K,/K,
=5.0) permittivity ratio systems showed behavior that is in
qualitative agreement with steady behavior, numerical results
showed droplet breakup due to tip streaming occurring at a
permittivity ratio of 18.0 (13.5% below the steady-state critical
value of 20.8).
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Notation

coefficient of finite volume equations

area

source term in finite volume equations
deformation factor, (a— 1)/{a+ 1)
dimensionless field strength, Eg(es RE/2v*)/?
stress acting on interface

mean curvature, —1/2(1/r,+1/r)

identity tensor

viscosity ratio, u¥/ut

relative permittivity, e*/e}

mass

components of unit normal

unit normal vector

Ohnesorge number, u*/(REy*p*)"?

pressure, p*Ry/y*

principle radii of curvature

radius of equivalent volume sphere

source term

time, t*(y*/pf R

unit tangent vector

velocity component, v = v *(p} R} /v *)"?
electrostatic potential, V*/E§ R}

volume

axial distance in cylindrical coordinate system, x*/R¢
radial distance in cylindrical coordinate system, y*/R}
velocity component in x coordinate direction
velocity component in y coordinate direction
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Greek letters

aspect ratio (major axis length)/(minor axis length)
coefficient defined by Eq. 30

coefficient defined by Eq. 31

surface tension

scalar transport diffusion coefficient
permittivity of free space

viscosity, u*/ut

density, p*/p}

viscous stress tensor, §=5*(pF R /v*) " */ur
time constant

generalized variable

stream function
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Subscripts and superscripts

unit vector

vector

tensor

dimensional quantity

initial value

dispersed phase (droplet)
continuous phase (surroundings)
at steady state

critical

at the control volume center
radial component

tangential component

at the droplet surface

at the control volume surface
transpose
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Appendix: Simple Analytical Model of Transient
Droplet Deformation

To make this Appendix more readable, dimensional quan-
tities have not been demarcated by a superscript asterisk as in
the rest of the article. Following Moriya (1986a), the interfacial
normal stress balance is expressed:

p2_02,rr=pl_al,rr+Fy+FE (Al)
For small deformations (D <0.025), the surface tension and
electrical normal stresses are approximately:

(A2)

¥

8 Y 2
= ____l -1
F 3R, (3cos )

_ 9€0K2

Fe Elcos™ (A3)

To complete the simple model, an expression giving the normal
stress due to the fluid motion p — o, in terms of the deformation
rate is required. Assuming that the viscous diffusion rate is
much faster than the deformation rate, the transient and in-
ertial terms can be neglected and the equation of motion be-
comes:

Vp=V-5 (A4)

The solution is given in the form of Stokes stream function:

R} R r’ AT
¥=|C, F+C2R°+ Cs R;O+ C, R_:% sin“dcosd  (AS)
1 ¥
¥ P osing 86 (A6)
1 0¥
= = (A7)

Ug=—:;
rsind ar

The boundary conditions, at the interface, origin, and far from
the droplet are as follows:

u,=finite r=0 (A8)
u,=finite r=o (A9)
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U, =y, r=Ry (A10)
U=ty r=Ry (All)
01,9=029 =R (A12)

Solution of Eqs. A6 and A7 subject to the conditions A8
through A12 leads to the following expressions for the veloc-
ities and pressures (in agreement with the analytical results of
Torza et al., 1971, Eqgs. 42a-42d, p. 304)].

r r?
u,= <c3 R +C, 73—3) (3cos’0—1) (A13)
r r3\ .
o=\ —3C R—o— 5C, ng sinfcosf (Al4)
rZ
py=po+ T Cs z (3cos—1) (A15)
0
R} R}
Uy, = <c, ;—;’ +C, r—f) (3cos—1) (A16)
R; .
Uy 9=2C, ) sinficosf (A17)
R} )
P2= P+ 2:C1 5 (3cos 6—1) (A18)
where
2R, dD [19/2+16k/2
T — —_— 1
E dt( 5+5k > (AI9)

.o _2RodD (9/2+6k/2 A%
T3 dr 5+5k (A20)
2R, dD {8+19/2

S35 a <—“5+5k ) (azl)
2R, dD (3+9/2
=R () en
and:
kz#z/ll-l (A23)

The physical component of the complete normal viscous stress
is given by Langlois (1964) as:

0, =2u 3, (A24)
ar
yielding
2u, dD [19+47k/2 X
- —p— e = . A
Pr= 01, =Po= dt( ey >(3cos0 1)  (A25)

2u, dD (21 +24k
D= 02 =Pt —— |

2
pmlacs — A
3 @ \ S5k >(3cos 9—-1) (A26)

Substitution of Eqs. A25, A26, A2 and A3 into the normal
stress balance (Eq. Al) leads to the simple model as given by
Egs. 28 through 32.
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